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2uniform in the longitudinal direction of propagation. The problems of the beam divergence and rapidly varying wave
vector, encountered in free space, are missing in the waveguide setup. Hence one can hope that a single atom placed
in the eld of such a mode will have considerable inuence on the dynamics. The investigation of the prospects of
such a setup is the subject of the present paper.
We will study the time dependent interaction of an atomic point dipole modeled by a two-level atom and the
quantized electromagnetic eld in a single transverse mode waveguide. We use the term \waveguide" in a general
sense, avoiding any precise geometric specication. Instead, we set up a model that accounts for the generic features of
these devices. The central property is that the atom interacts with a continuum of transversally conned propagating
modes. A similar system has been studied to investigate the inuence of input photon-statistics on single-atom
absorption [9]. For this the theory of cascaded open systems [10, 11] as an extended form of the input-output formalism
was applied. In contrast to the stationary scattering scenario, we will concentrate here on the time-dependence of
the scattering process, i.e. we consider wave packets consisting of one or a few photons impinging on an atom. This
allows to nd the dependence of the atomic dynamics and the amount of scattering on the light pulse bandwidth and
energy beyond the narrow-bandwidth limit considered in Ref. [9]. For very short pulses the energy of a single photon
is strongly concentrated in space and thus saturation is expected to prominently inuence the scattering process even
for weak energy incident wave packets. As a consequence, we have to take the full quantum dynamics of the dipole
into account, including saturation to all orders.
To treat this problem of wave packet scattering we develop a method based on a set of Heisenberg-Langevin
equations for the eld and atomic operators. These equations, relying on rst principles of quantum mechanics,
will be transformed into a simplied form by means of a Marko approximation. This approximation closely relates
our approach to the cascaded open systems method. Nevertheless we are primarily interested in the eld dynamics,
called \channel" in the scheme of cascaded systems. Hence we will keep the waveguide electric eld as an explicit
dynamic component of our model. Let us mention here that some numerical examples calculating the electric eld of
the propagation of a single-photon wave packet through a single atom have been obtained before [12]. Similarly the
dynamics of a 2D 1-photon wave packet and many two-state atoms modeling a beam splitter was numerically solved
[13].
Nevertheless, the systematic and exhaustive discussion of the parameter space by a purely numerical approach seems
hopeless. Fortunately in our method, we are able to get explicit analytical expressions for the scattered waveguide
eld. This result exhibits the scaling with the ratio of the transverse mode size and the atomic cross section. Thus we
can easily reveal how this ratio governs the energy redistribution in a scattering process. In addition, physical insight
in the phase properties and the pulse shape deformation can also be gained.
As a possible application of our model we address the problem of atom-mediated nonlinear photon-photon inter-
action. So far, signicant coupling has been reached with the help of a high-Q cavity [14] or might be reached by
increasing the number of atoms [8, 15]. The waveguide-atom interaction could be the basis of nonlinear pulse am-
pliers or even that of photonic quantum gates. Here we limit the study to a prototype interference experiment in
which two wave packets impinge simultaneously on the same atom.
The paper is organized as follows. In Section II we present the model and introduce the basic parameter describing
the coupling of the atomic dipole and the waveguide, and nally, calculate the scattered electric eld generally within
a Marko approximation. In Section III the transmitted and reected Poynting vectors are studied for various initial
states of the wave packet. These states include coherent states and the single-photon Fock state. We study the role
of the pulse bandwidth in the scattering process and the saturation nonlinearity for multi-photon wave packets. The
phase properties and the pulse shape deformation is also discussed in this section. Then, Section IV is devoted to the
interaction of light pulses. We conclude nally in Section V.
II. THE MODEL
Let us consider a single branch of modes propagating in the +z direction of a lossless waveguide. The longitudinal
wave number k of the modes is assumed to obey the simple dispersion relation k = !=c, which is valid far from the






















) the position of the atom, is approximately constant in the
range of the relevant longitudinal wave numbers. The details of the transverse mode prole do not play an important
role in the forthcoming calculations as long as the atom may be treated as point-like. Only the value of the mode
function at the position of the atom enters in the calculation. This value has been incorporated in the denition
3of the eective cross section A. Similarly, the polarization properties of the eld can also be omitted provided the
eld is closely uniform across the spatial wave function of the atom. No assumption is made on the atomic position
relative to the waveguide. In principle the atom can sit inside a hollow waveguide, it can be embedded in the dielectric
material of a ber or can be even outside a dielectric interacting with the evanescent eld close to the surface.
The continuum eld quantization follows the theory presented in Ref. [17]. The electric radiation eld is decomposed
into positive and negative frequency parts































, the rst corresponding to
the forward, the latter to the backward propagating modes. The electric eld is given in the interaction picture. The




(t) describe then the time variation due to the interaction with the atom. They




















= Æ(!   !
0
) ; (3)
all the other commutators vanish.
































assume that the dipole moment is oriented parallel to the eld polarization at the atomic position yielding maximum
coupling.









































Note that the dimension of the coupling constant g
!
is not a frequency but 1=
p
sec. The use of the rotating wave
approximation is justied as we consider light pulses with bandwidth much smaller than the frequency !
A
.











































































































Besides the terms originating from the interaction Hamiltonian (5), we account for the interaction of the atom with an
environment. This coupling results in a dissipation process with decay rate 
0
and with associated noise represented by
the operators
^
. The physical role of this 
0
decay process is that it provides a channel for the transverse scattering,
i.e., when photons are scattered by the atom out of the waveguide. The environment consists of the free space
radiation modes [21]. Of course, the presence of the 1D waveguide slightly perturbs the surrounding mode structure
with respect to the simple free space case. This eect, which depends on the specic choice of the waveguide geometry,














4The waveguide modes form a one-dimensional continuum. The above equations can be transformed then into a
much simpler form by means of a Marko approximation. On integrating Eq. (7a), the waveguide eld amplitudes





























respectively. The back propagating modes are decomposed analogously. The Marko approximation is invoked to
describe the back action of the second term on the atom. It can be applied because the continuum is broadband
around the atomic frequency. The free eld term is usually identied with a Langevin-type noise source. In the
waveguide we can not make this step since we will consider initial eld states dierent from the vacuum. Altogether,
the atom is subject to the eect of the free eld and to a relaxation into the waveguide continuum. The polarization
operator 
 









































where a new damping rate 
1
appears, and the second term contains the free eld contributions. The vacuum
frequency shift induced by the waveguide modes, accompanying the relaxation, is assumed to be already incorporated
in a renormalized atomic frequency !
A
















where the second expression directly exhibits the scaling with the transverse extension of the waveguide. It is related




=2. A natural lower bound on the transverse mode size is at about
A  (=2)
2




 1. In the range

A
 A, one has a strong waveguide-atom coupling, which is manifested by the fact that the atom dissipates its
energy equally into the waveguide and the free-space \lossy" modes. This situation could turn out to be a suitable
basis to construct single-atom detectors or eÆcient light emitting diodes.

























can be any frequency and will later be identied with the central frequency of the































































































is the total decay rate of the atomic dipole. This is the generalization of the Bloch equations for
the atomic dipole operators to describe the eect of a time-dependent external excitation in the case of a quantum
driving eld. For certain quantum states of the eld, a closed set of equations can be derived from the above operator
equations to calculate the matrix elements of the atomic operators. Note that only the free eld appears in the
dynamics of the atomic dipole operators. This is a direct consequence of the Marko approximation, which implies
that any change of the electromagnetic eld by the atom cannot act back onto the atom. In other words, a photon
emitted by the atom into the waveguide leaves the interaction region immediately and cannot be reabsorbed. There is
no feedback mechanism as provided by the mirror in cavities. Hence the strong coupling between atom and waveguide
yields a dierent dynamics with respect to the case of ordinary cavity QED.




















5where the ve terms represent respectively the free eld, the eld forward and backward scattered by the atom, the
eld radiated by an initially excited atom, and nally the vacuum noise which is coupled into the waveguide via the























































































































































We have set the initial time t
0
= 0. Nevertheless, we still will use t
0
sometimes in order to explicitly mark the initial
value of the operators evolving in the Heisenberg-picture. In the double time integrals the order can be exchanged to
carry out one of them. Substituting the solution in the electric eld decomposition (2), the integral over the frequency
! can also be performed. In this latter step, the lower bound of the frequency integration is extended to  1. For
ct > z   z
A
, i.e. a light pulse has enough time to travel to the atom, one nds the following result for the waveguide








































































































































where  = t  z=c, and only the modes a
!
are considered as we are interested in the eld outgoing in the +z direction
(z > z
A
). In the subsequent lines one gets the free, the forward and the backward scattered, and then the directly
radiated and the noise eld. This is the central result that we use in the following to calculate measurable quantities
in various experimental scenarios. One can draw a general conclusion already at this stage that the scattered terms
are proportional, as naively expected, to the ratio 
A
=A.
III. SCATTERING OF A SINGLE LIGHT PULSE
In this section we study the scattering process of a single light wave packet o a ground state atom. We calculate
how the photons carried by the wave packet are redistributed among the forward, backward and transverse directions.





















given in units of photon current in the forward and backward direction after the scattering event. In the present
scalar model the magnetic eld is just proportional to the electric eld. The initial state j	
0
i is a simple product
state of the waveguide eld state, the atomic ground state, and the environment:
j	
0







The waveguide eld describes a wave packet propagating in the directions +z, i.e. only the modes a
!
are excited
with state j 
a
i, while counter propagating modes b
!
are in vacuum state j0
b
i. As for the initial state j 
a
i we will
6use Fourier-transform limited Gaussian pulses in a coherent state or in a single-photon Fock state, respectively. The
mean Poynting vector of a free pulse is then
S
0


















is the mean photon number carried by the wave packet and 
 is the pulse bandwidth.
As no eld is radiated from an atom in the ground state, there is no contribution from the fourth term of Eq. (15) to
the Poynting vector. Similarly the free space environment as well as the backward propagating modes are in vacuum








) on the right-most side will vanish acting
on the initial state j	
0
i. Thus the mean Poynting vector in the forward direction for z > z
A
is formed from the























































































































The Poynting vector is expressed in a product form with the original pulse shape function separated in a rst term.





















As we work in the Heisenberg picture, the time dependence of this auxiliary state does not describe a dynamical
process but follows from its denition.
The reected eld in the domain z < z
A
results from the light back-scattered by the atom (and additional quantum
noise). As for the atomic radiation the two directions in the waveguide are equivalent, one gets an expression formally













































































  z)=c, expressing that the eld propagates now in the  z direction.
A. Coherent-state light pulse
In the following we present how to evaluate the Poynting vector (19) in the case of wave packets initially in a
coherent state. A denition of multimode coherent state pulses can be found in Ref. [17]. They have the property
that they are eigenstates of the annihilation operators. A coherent-state pulse of bandwidth 
, centered initially at








































It follows that j	
0
i is an eigenstate of the free pulse operator a
0








To evaluate the Poynting vector, Eq. (19), we need the one-time and the two-time averages of the population inversion
operator. An equation of motion for h
z
(t)i can be directly obtained by taking the mean of the Eqs. (12). Using
again that j	
0
i is an eigenstate of the free-pulse operators, the usual form of the optical Bloch equations is found.











) stands in between the free pulse operators and the state j	
0







) commute for t > t
0
and therefore the action of the pulse operator on its eigenstate can be


















can be identied in




For larger bandwidths 
 we get a stronger eld per photon, which is a central quantity in cavity QED. However,
the interaction times between the atom and the transform limited pulses get shorter in the same time, limiting the
possibility of coherent operations on the atomic states.
The photon number N
a
multiplies all the terms in the Poynting vector (19). Beyond this simple linear dependence,
the photon number has an inuence on the evolution of the atomic population. Through this term, the atomic
saturation introduces a nonlinear behavior into the Poynting vector, which can be a noticeable eect in the strong
coupling regime even for relatively small photon numbers N
a
.
B. Fock-state light pulse









































which, similarly to the coherent-state case Eq. (24), is time-independent. We now need the diagonal matrix elements
h0; gj
z






)j0; gi where 0 stands for both modes a and b and for the environment. Equation
(12) implies that h0; gj
z
(t)j0; gi =  1=2 for arbitrary time t. In fact, this value is the initial condition itself that













)j0; gi = 1=4 independently of t and t
0
. We get such simple
solutions because we consider, formally, the Bloch equations when the atom is driven by a \vacuum pulse".
Having the exact solutions for the one-time and two-time averages, the integrals in Eq. (19) can be analytically
evaluated. The integration invokes the complex error function and the result itself is not very instructive. We omit
this rather long formula here and only show typical results graphically in the gures of the next section.
C. Single-atom transmittance and reectance
We continue the discussion of light pulse scattering on a single atom by means of numerical examples. For this we
evaluate the Poynting vector expressions (19) and (22) to determine how much of a light pulse is transmitted and
reected back by the atom. We introduce the transmittance, i.e., the transmitted mean energy (photon number)









In Figure 1 the single-atom transmittance is presented as a function of the pulse bandwidth on a logarithmic scale.


























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































−4 −3 −2 −1 0 1 2 3 4
FIG. 5: The phase shift as a function of the pulse position 
 . For narrow enough bandwidth the phase shift gets independent















where the absorption is
well reduced and the pulse power is almost completely transmitted through the atom. One can see in the gure that
rotation angles in the range of 0.11 rad 6
o
are induced by a single atom for 
A




phase shift is almost uniform, while it changes considerably for 
 = 
0
. In both cases the deformation is asymmetric,
showing that the front and the back of the pulse interact with an atom in a dierent state.
IV. INTERFERENCE OF LIGHT PULSES
One possible application of such a setup is nonlinear photonics, i.e. doing optics with few photons beyond beam
splitters and mirrors [19]. As a prototype of this dynamics let us study now the \collision" of two pulses propagating




) initially in vacuum state, we will properly dene an
initial state that describes a wave packet centered at z = 2z
A
. Then, this backward propagating wave packet and
the forward propagating one encounter in the position of the atom at z = z
A
where the atomic dipole can mediate
an interaction between them. The calculations are based on the general result presented in Eq. (15), which holds for
any initial condition.
We calculate the Poynting vector in the range z > z
A
after the pulse collision. Here the eld is composed of the
initial pulse in the modes a
!
and its forward scattered part, superimposed with the back scattered part of the pulse
in the modes b
!





























































































































Let us consider rst the case when the two counter-propagating pulses are in a coherent state. The initial state is
12
composed of the state j 
a






































The last exponential term ensures that the position of the pulse is z = 2z
A
at t = t
0
. The state jv(t)i is proportional















One can immediately recognize that the appearance of the state jv(t)i in the second and third terms of Eq. (30)
gives rise to intriguing interferometric phenomena. Compared to the simple scattering scenario given by Eq. (19),
the second term, which is responsible for the absorption, can be enhanced. To this end, the counter-propagating
pulses must have the same phase, i.e. ' = 0. Then the forward scattered pulse and the backscattered pulse interfere
constructively yielding a reduced transmitted signal. On the other hand, the two pulses can interfere destructively




and ' = . The atom being in dark,
this situation looks as if the atom were absent and the pulses propagate freely. This simple example demonstrates
that there is indeed a non-trivial interaction between the pulses mediated by a single atom. Since the transverse
scattering is missing, the outcome is denitely dierent from the coherent sum of the outcomes obtained with two
single pulses. In between the extreme cases the outgoing mean photon number in the +z direction, denoted by N
+















0 0.5 1 1.5 2 2.5 3
FIG. 6: Mean photon number N
+
outgoing in the +z direction as a function of the relative phase ' of two identical counter














= 1. Then the photon number N
+
outgoing in
the forward +z direction can be tuned by varying the photon number N
b
. This eect is represented in the Figure 7.





reduces the outgoing photon number, and the third term, which is linear in N
b
and increases the photon ux due to
back scattered light. The manifest deviation from the linear behavior is due to atomic saturation.















































Initially there is no quantum correlation between the two Fock-state wave packets. As the phase in Fock states is
completely undened, one expects that the interference is missing in this case. This is true and can formally traced



















0 10 20 30
FIG. 7: Mean photon number N
+
outgoing in the +z direction as a function of the mean photon number N
b
of the pulse
incoming from the backward  z direction. Parameters are as in gure 6.













photon") do not add up algebraically. Note that for coherent-state pulses this was dierent, the second \absorption"









and the Bloch equations had to be solved only for the mean of atomic
operators. Here, for Fock states, one has to solve a specic realization of the generalized Bloch equations (see in the









i. The numerically obtained result for the mean photon number outgoing
in the +z direction is very similar, however, to the one obtained with one single impinging pulse. No interferometric
enhancement or reduction of the outgoing photon number can be observed for pulses initially in Fock states.
V. CONCLUSION
For a eld transversally conned in a tiny waveguide a single atom is able to have a signicant eect on a light wave
packet traveling across the atom. As limiting cases of the time-dependent 1D scattering, one nds a transmittance
reduction below 50%, strong nonlinearity in the transmittance even for very low energy pulses, and interferometric
coupling of two wave packets with a visibility of up to 80%. All these eects clearly demonstrate that miniaturized
waveguides or bers coupled to an atomic dipole can be used as eÆcient single-atom detectors, or photon{photon
couplers. As one might be able to control a single atom state on the quantum level, this could pave the way to genuine
quantum devices for optics, as e.g. a quantum switch for light [20]. Similarly one could envisage to construct single
photon Bell state analyzers, as they would be needed for improved quantum cryptography or quantum teleportation
setups.
In our model we aimed to studying the fundamental nature of the interaction of a single atom with a waveguide eld.
A regime that can be referred to as \strong coupling regime" occurs when the transverse extension of the waveguide
modes is close to the single-atom radiative cross section. The coherent interaction between the eld and the atom
can dominate damping. In contrast to cavity QED, however, the waveguide-atom coupling yields a dissipation-like
evolution of the atom since the waveguide modes form a broadband continuum, similarly to the reservoir composed of
the free-space radiation modes. On one hand, a single atom within the waveguide eld becomes a signicant scatterer,
as featured by the eects presented in the paper. On the other hand, it is questionable if a weak quantum eld can
perform coherent population transfer in an atom. This is because a large eective single-atom Rabi frequency (g
e
)
is accompanied by the presence of a large damping rate (
1
) in the Bloch equations. In addition to this, the Rabi
frequency depends on the interaction time dened by the pulse length. For example, for adiabatic passage techniques
long interaction time is required, which inevitably leads to the reduction of the coupling constant. Our model equations
provide a suitable ground to further study the dynamics of atoms coupled to one-dimensional continua of modes.
14
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APPENDIX A: DERIVATION OF VARIOUS MATRIX ELEMENTS OF THE ATOMIC OPERATORS









) for times t > t
0
. This lemma allows the derivation of a closed set of linear dierential equations for the required







present these equations which are formally very similar to the Bloch equations and the ones obtained by the quantum














































































where in the second step we used Eq. (8). Atomic and eld operators, taken at the same time, commute, hence the









































The coupling constant g
!
being a slowly varying function of ! around the given optical frequency !
0
can be taken

































































where  is the Heavyside step function, which proves our conjecture.
The time dependent eect of the light pulse on the atomic dipole operators can be determined from the Eq. (12).
Depending on the initial state of the pulses, various matrix elements have to be calculated and inserted in the
expressions for the Poynting vector Eqs. (19), (22) and (30). In all the present cases, the required variables obey a
set of linear dierential equations that can be written in the form
_
s = Bs+ b : (A4)
When the initial pulses are in coherent states, the evolution of the quantum mean of the population inversion




























































































Formally, this equation is equivalent with the Bloch equations obtained for an atom driven by a classical time-


























The two-time averages in Eq. (19) can be obtained by using the quantum regression theorem. For a xed time t
0
























































































































Note that non-diagonal matrix elements are involved in this set of equations. One can easily see that closed sets
could be derived with increasing number of equations for higher photon number states, i.e., the presented approach
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